HKOI Training

ami ~ wkc

Last modified: March 16, 2010

1/40



Lecture 03

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Lecture 03
Mathematical reasoning.
Control flows and algorithms.

More on C.
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Lecture 03

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

Mathematical reasoning

C’s Syntax

End

3/40



Verification of propositions

Cectliclie In last lecture, we discussed about the construction of propositions.

HcinEme Eallic o ANiag We know the association of the truth values of those further constructed propositions.

e Verification of propositions . . . -
o However, we did not mention how one could know the truth value of a given proposition.
® Ambiguity of IF-THEN

@ Direct Proof For example,

® Proof by counterexample

® Verifying everything e 2 is a prime number.
® Proof by induction

¢ Well ordering principle e Pythagoras theorem is true.t

® |dea of induction

® Proof of induction

e Angle sum of triangle is always 180°. (What is the meaning of “always” here?)

Induction example

Variation of induction e The Extended Euclidean algorithm is correct.? (Implicitly “always”)

Control flows and algorithm

C's Syntax e Today is hot. (Another way to verify)

End

e Vz,Vx?2 = z. (Counterexample is demonstrated.)

e If nis a 5-digit square integer, then n = 29929.3 (Mostly yes.)

1 Read the solution of week 1 exercise for complete proof.
2A proposition involving recursive definition. It will be proved in number theory.
SWhat is its truth value, when n is 10, 29929, 10000?
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Lecture 03

Ambiguity of conditional proposition

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Let’s discuss a conditional proposition with a propositional variable,

P (n) :="If n is a 5-digit square integer, then n. = 29929".

Indeed, “If n is a 5-digit square integer, then n. = 29929” is not a well-defined proposition. *
To discuss the truth value, one need to give a value to n.

For example,
e P (2)istrue as 2 is not a five digit integer.
e P (10000) is false.
o P (29929) is true.

In mathematics, we would usually interpret the sentence "Q (n) = P (n)”to be
“Vn, Q@ (n) = P (n)"

That's how we say P (n) is false without explicitly giving a value to n.

Similarly, the word “always” has the implicit “FOR-ALL’ meaning.

4You cannot tell whether it is true or not by merely reading the 7 as a variable
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Lecture 03

Direct Proof - Proof from definition : n-0=0

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

How to prove / disprove the proposition “Vn, 0 - n = 0"?

To verify this above proposition, we need to know about what do we mean by 0.
Definition. 0 is the number such that forany n, n + 0 = n.

Definition. —mn is the number such thatn + (—n) = 0.

Proof. We use the distributive law and the definition of O,
n-0=n-04+0)=n-04+n-0
Adding — (n - 0) to both side, we getn - 0 = 0.

This proof seems meaningless, however, remember what properties we used.

Later on, if there is another kind of arithmetic system also having the same properties,
we can claim that the above still holds.

For example, the modular arithmetic, i.e. doing arithmetic on a clock.
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Lecture 03

Direct Proof - Proof from definition:  (—1) (—1) =1

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

How to prove / disprove the proposition “(—1) (—1) = 1"?

Definition. 1 is the number such that for any non-zeron, 1 - n = n.

Proof. (14 (—=1))2=124+1x (=1)+(—=1) x 14 (=1)(-1)

Using the definition of 1, we have, 12 = 1,1 x (—1) = —land (—1) x 1 = —1.
From the definition of —n, we have (1 4+ (—1)) = 0and (1 + (—=1))* =0-0 = 0.
Therefore, we have 0 = 1 + (—1) + (—1) + (—1) (—1).

Evaluating from left to right, 1 + (—1) becomes 0.

This gives, 0 = (—1) 4+ (—1) (—1).

Finally, adding 1 to the left of both sides, we have 1 =1 + (—1) + (—1) (—1)
Therefore, 1 = (—1) (—1).

We will come back to these proofs at Abstract Algebra.
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Lecture 03

Proof by example / counterexample

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Usually, to deal with propositions with FOR-ALL,

one can prove its falsity by showing a counterexample.
“Every people eat meat”, this is false as we can find a vegetarian.

Similarly, one could show the correctness of a THERE-EXISTS statement

by giving a particular example.
“There is a pair of integers x and y such that 7z + 9y = 1"

7(—=5) +9(4) = 1, hence the above proposition is true.
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Lecture 03

Verifying everything

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e \erifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

However, to prove the correctness of a FOR-ALL statement,
or the falsity of a THERE-EXISTS statement,
we need another way.

For example, the following statements cannot be proved easily in logic

e Every horses have four legs. °

e There is no any extraterrestrial life. ©

SYou need to grab all the horses and observe one by one
6You need to observe everywhere outside the Earth
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Lecture 03

Proof by induction

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e Verifying everything

® Proof by induction

@ Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Given the domain of discourse is the positive integers.

One can use a tool called Mathematical Induction to prove a FOR-ALL statement.

Let P(n) =:="1+ 2+ --- 4+ nis always equal to %n(n + 1)~
We can check P(1),..., P(100) one by one.

e 1=3(1)(2)
e 1+2=3=1(2)(3)

However, we still don’t know whether P(101) is true or not.
Even you can check the proposition up to 100000,
there are still infinitely many propositions to be verified.

To verify all of them, we cannot check one by one.”’

"You may use a direct proof to show
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Lecture 03

Well ordering principle

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e Verifying everything

® Proof by induction

® Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Axiom (Well ordering principle). Let S be a collection of positive integers.

If S is non-empty, then it has the smallest integer.

l.e. Every non-empty collection of positive integers has the smallest integer.

The above axiom says that

you can always find the smallest integer whenever you have some integers.

For example, we can mention about

the smallest positive even number.

the smallest positive odd number.

the smallest common multiple of 15 and 20.

the smallest positive prime.
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Idea of induction

Cetiicld Assume the domain of discourse is the positive integers.
Mathematical reasoning
e Verification of propositions Theorem (Mathematical induction). Let P (n) be a proposition with propositional variable 7.
® Ambiguity of IF-THEN Suppose the following:
® Direct Proof
@ Proof by counterexample 1. P(l) is true.
e Verifying everything
® Proof by inducti .
roor By nereton 2. Vk,P(k) = P(k+ 1) istrue.
® Well ordering principle
® |dea of induction .
Then Vk, P(k) is true
® Proof of induction
Induction example Therefore, to show that a FOR-ALL proposition,
(ariationjofingiiction one can check P(1) is true and prove the second conditional statement.

Control flows and algorithm

The first condition is called the base case .
C’s Syntax

The second condition is called the induction step .
End
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Lecture 03

Proof of induction

Mathematical reasoning

e Verification of propositions
® Ambiguity of IF-THEN

@ Direct Proof

® Proof by counterexample
e Verifying everything

® Proof by induction

® Well ordering principle

@ |dea of induction

® Proof of induction

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

Proof. Let S be the collection of positive integers n such that P(n) is false.

we want to show that this collection is empty.

Let’s see what happen if it is non-empty.

Suppose it is non-empty, the well-ordering principle tells that the smallest integer exists.
i.e. There is a smallest integer m such that P(m) is false.

Denote that integer by m and clearly m # 1 since P(1) is true.

Therefore, m > 1 and m — 1 is again a positive integer.

Since m is the smallest one such that P(m) is false, we have P(m — 1) is true.
Finally, the second part of our assumption, tells that P(m — 1) = P(m) is true.
Since P(m — 1) is true , we must have P(m) be true. (contradiction, as P(m) is false.)
Therefore, the very most assumption of “S is non-empty” is false.

Hence, there is no any positive integer n such that P(n) is false.

“Vn, P(n)” is logically equivalent to “~ Jn, ~ P(n)”

Therefore, Vn, P(n) is true.

The above argument works for any propositions as long as it satisfy our assumption.
Usually, after we checked the assumption holds, we can use this theorem to conclude.

By “using a theorem”, we actually means that we re-apply the arguments of a proof again.
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Lecture 03

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation | |
® Properties of summation
@ Direct proof

® Sum of G.S.

Variation of induction IndUCtlon example

Control flows and algorithm

C’s Syntax

End | |
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Lecture 03

Sum of power one

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
® Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

Let P(n) =:="1+ 2+ .- + nis always equal to %n(n + 1)~

we shall show that “Vn, P(n)” by using the mathematical induction.

Proof.

Firstly, we check that P(1) is true, which is obvious in this case.

Secondly, for each given k,

we want to show that the proposition P(k) —> P(k + 1) is also true.

To prove a conditional proposition always holds,

we need to check all the possible truth value associated between the two statements.
If P(k) is false, then the whole conditional statement is true.

Remaining is to verify the case for P(k) is true to show P(k + 1) is true.

e 1+24---+k= %k(k—l—l) is true.

Now, consider1 +2+---+k+(k+1)=(14+2+---4+k)+k+ 1

Our assumptionsaysthat (1 +2+---+ k) + k+1 = %k(k +1)+(k+1)
Tk(k+1)+ (k+1)=2(k+1)((k+1)+2)

Hence, 1 +2+---+k+ (k+1) = %(k—i— D((k+1)+2),ie P(k+1)istrue.
By induction, we know that Vk, P (k) is true.

Try to show the above proposition using a direct proof.
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Lecture 03

Sum of power two

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
@ Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

Let P(n) :="12 + 22 + ... 4+ n? is always equal to %n(n +1)(2n + 1)~

Proof.

Firstly, we check that P (1) is true, which is obvious in this case.

Secondly, for each given k,

assume P(k) istrue,ie. 12 + 22 + ... + k2 = 2k(k + 1)(2k + 1).

Now, consider 12 +22 + - + k2 + (k+1)?2 = (12 4+ 22 4+ .- + E2) + (K + 1)2.
Hence, 12 +22 + -+ + k% + (k+ 1)2 = 2 (k)(k+ 1)(2k + 1) + (k + 1)?
s(k)(k+1)(2k+ 1)+ (k+1)% = £(k+ 1)(k(2k + 1) + 6(k + 1))
k(2k+1)+6(k+1)=2k%>+Tk+6 = (2k+ 3)(k+2)

Hence, 2 (k + 1)(k(2k + 1) + 6(k + 1)) = = (k + 1)(k + 2)(2k + 3).
c(k+1)(k+2)2k+3)=s(k+1)((k+1)+1)(2(k+1)+1)

Hence, P(k + 1) is true.

By induction, Vk, P(k) is true.

How can one come up with the expression at the right hand side?
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Lecture 03

Summation notation

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
@ Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

Let f(4) be a function of 4, e.g. sin , 72.

and n, m be two integers with n < m.

The summation notation > f(%) is definedas f(n) + f(n+ 1) + - --

="

Literally, it means keep adding from? = nupto? = m.

For example,

m
e > idisthesameas1l+2+--- 4+ m.
i=1

m
o > i%isthesameas 32 + 42 + ... + m?2.
i=3

The previous two identities can be written as
< 1
o le = sm(m + 1).
1=

e > 2= lmm+1)(2m+1).

> 1
—I

8 This is just a notation to simplify our mathematical expression.

+ f(m). ®
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Lecture 03

Properties of summation

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
@ Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

Let f, g be functions, n, m be integers with n. < m and c be a constant.

Theorem. The following are true:

m k m
1. Ifn<k<m,then > f(i)= > f@)+ > [f().
1=n 1=n 1=k-+1
n
2. Y. ¢ = nc (adding total n’s cis nc.)
=1

m

3. Y c=(m—n+1)c

m

4 3 e f@)=ec g; £(i)

. £ 00 +90] = (£ 10) + (£ )

The first: “adding from n to m is the same as adding from n to k then from £ + 1 to m”.
The forth: (cf(n) +cf(n+1)+---+cf(m)) =c(f(n)+ f(n+1)+---+ f(m))
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Properties of summation

S The fifth: (f(n) +g(n)) + (f(n+1) + g(n + 1)) +--- (f(m) + g(m)) =
Mathematical reasoning (f(,n) + f(,n + 1) e f(m)) =E (g(n) + g(n + 1) + ... 4 g(m))
Induction example

e Sum of power one l.e. we can rearrange the terms as long as there are finitely many.

® Sum of power two

® Summation notation

n
Proof. Let P(n) be the proposition that“ > | ¢ = nc”.

® Properties of summation i=1

® Direct proof P(l) Is true, as adding from m to m means added once only.

e Sumof G.S. k k+1 k k+1

Variation of induction Assume 2 &= kC, then Z C= Z C —l_ Z C = ]CC + C = (k + 1)C

s=l 1=1 s=l i=k-+1

Control flows and algorithm

Hence, P(n) is true for all n.

C’s Syntax
m
End To prove that > ¢ = (m — n + 1)c, we used the fact P(m) and P(n — 1) is true.
=N
m n—1 m
From the firstone,we have > c= > c+ > c.
i=1 i=1 i=n
™m m
Hence, mc= (n—1)c+ > ¢ < > . c=(m—n+1)c O
i=n 1="n

m

To proof the next identity, one can similarly do an inductionon > ¢ - f(%).
i=1

On the next slide, we shall prove the final one.
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Lecture 03

Properties of summation

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
@ Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

Proof. Let P(n) be the proposition that

f [f(@) +g(3)] = (é f(z')) + (é g(i)),,

P(1)istrue,as LHSis [f(1) + g(1)] and the rightis (f(1)) + (g(1)).

Assume P(k) is true, then
k41

z ) + 9] = 3 [F6) + g@)] + £k + 1) + gk + 1)

[f (1) +9(i)]

i 0

1=1

(i f(i)> + (,ﬁlgu)) S+ 1) + g(k+ D)

k

_|_
=

1

7

k+1 k+1 k+1
3 [f@) +9()] = (; f(z')) + (; g(z'>>

Hence, P(n) is true for all n.

£2) + 9(0) = <_Zj?1f(i) + £+ 1>> - (,égw) +glk+ 1>>

Finally, the part from n to m can be completed by consider 1 ton — 1 and 1 to m.

Note that, the rearrangement always holds if we have f(¢) 4+ g(¢) + h() and more functions.

O
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The direct proof for power sum of two

Lecture 03 n
Vathematcal reasoning Let f(n) = (n +1)3 —n3 = 3n? + 3n + 1 and consider >_ f(3).
atnematical reasonin 2:1
Induction example Viewing f(n) as the difference of two numbers, we have
® Sum of power one T o o v .
° Sumofzowertwo .21 ((Z + 1)3 o 3) Z (1' + 1)3 '21 1'3
® Summation notation - n-+1 n -
@ Properties of summation Itis equal to Z ) Z 3 = ('n —|— 1)
@ Direct proof 1=2 =1
n n n n
o Sumore.s. On the other hand, > (3i? + 3i + 1) = Z (3i2) + Z (37) + > (1)
Variation of induction - n n: n =1 1=1
Control flows and algorithm Therefore, (n + 1)3 —1= Z (37/ ) Z ( ) Z ( )
C’s Syntax _n =1 =1
. Rearrange the terms, we have > (3i%) = (n +1)% — 1 — Z (3¢) — Z (1).
n :1 :1
n ’ n ’
Hence,3 > i? = (n+1)3 -3 > (i) — (n +1).
Using the identity for 1 +2 + --- +n = %n(n + 1), we have
n
3y i2=(n+1)3—-3n(n+1)—(n+1).
i=1

factorize gives,g(n +1) (2n2 +4n+2—-3n—-2) = %(n +1)(n(2n+ 1))

n
Divide both side by 3, we have 'Zl i2 = %n(n +1)(2n+1).
1=
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Lecture 03

Sum of geometric sequence

Mathematical reasoning

Induction example

® Sum of power one

® Sum of power two

® Summation notation

® Properties of summation
® Direct proof

® Sum of G.S.

Variation of induction

Control flows and algorithm

C’s Syntax

End

n . n+1

_ 1 . 2 - n-+1
Z xz—wa,l.e.l—l-a}—kgj S (I

x—1

Proof. Similarly, we let P(n) be the above proposition.
Clearly, P(0) and P(1) are true.

For the induction step, assume P (k) is true,

k+1 k41 k-2
i __ x —1 k+1 _ x —1
then 230 Tt ==tz = S
1=

Hence, by MI, the above P(n) is true for all n.

Alternatively,

n _ n ) n )
Proof. x Y ' — > ' =(x—1) > «*
) 1=0 1=0

1=0
n _ n _ n+1
Ontheotherhand, z > z! = Y z*T1 = S 2%
i=0 i=0 i=1
n . n .
Hence,z > z* — > a* =zt — 1.
1=0 1=0
n .
Therefore, z" 1 — 1 = (x — 1) 3 2%
1=0

Find 1 + % + i + .-+ 32%68 using the above identity.

=1l
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Lecture 03

Mathematical reasoning

Induction example

Variation of induction

@ Second induction

® Backward induction

Control flows and algorithm

C’s Syntax

End Variation of induction
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Second induction

Lecture 03 The base case becomes “P(1) and P(2)".
Mathematical reasoning The induction step becomes P(k) and P(k + 1) — P(k + 2).
Induction example Define FO — 07 Fl — 1 and Fn = I'n—1 —|— Fn—2 forn > 1.
Vs 1415 15 4y
arlation of induiction Letry = —5—,r2 = —5— , prove that I, = ——==.
@ Second induction \/5

Backward inducti . .
¢ Backwardinduction Proof. Use the second induction,
Control flows and algorithm . L L

we let the proposition P(n) to be Fj, 1 = —L T

C’s Syntax \/5

Prove that 1 4+ 72 = 1 and show the induction step.
End

Left as exercise. O
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Lecture 03

Backward induction proof of the AGM-inequality

Mathematical reasoning

Induction example

Variation of induction

® Second induction

® Backward induction

Control flows and algorithm

C’s Syntax

End

Theorem. Letai,as2,...,a, ben non-negative numbers. Then

ap +az2 +---+an

n

Z?\Val.a2.--.an

Proof. We proved that P(2) is true and want to show that P (2) is true.

Using the induction for P(2%) = P(2F*1), we have Vn, P(2™).
Finally, we showed that Vk, P(k) — P(k — 1).

We starts from2 — 4 — 8 — 16 —

thend — 3,8 — 7 — 6 — 5,...

The detail are left as exercise.

Be familiar with the mathematical induction, we will use it quite often.
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Lecture 03

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

@ Summation in computer

® Pseudo-code

C’s Syntax

End

Control flows and algorithm
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Lecture 03

Summation in computer

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

@ Summation in computer

® Pseudo-code

C’s Syntax

End

We introduce the summation notation for summing up terms.

However, there is no such direct concept for computer.

We should use the basic things that a computer can do to simulate the summation
Remember that a computer can do looping.

A control flow is a statement which tells the computer what it should perform.

We shall express these ideas in pseudo-code.

An algorithm is a sequence of operations to tell the computer how to solve a problem.
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Lecture 03

Pseudo-code - Assignment

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

@ Summation in computer

® Pseudo-code

C’s Syntax

End

Pseudo-code is a hand-written notation to specify how should a computer to perform a task.
The code is merely for human being.

It represents what the computer can do.

In pseudo-code, we denote “x <— 1” to represent storing 1 to .

This is called an assignment .

In general, the grammar structure for an assignment expression is

<Assignment>::=<Name> < <V alue>
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Lecture 03

IF-THEN / IF-THEN-ELSE

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

@ Summation in computer

® Pseudo-code

C’s Syntax

End

IF-THEN and IF-THEN-ELSE are control flow which have two and three parts respectively.

They tells the computer to perform task based on a given condition.

1. The condition for checking.

2. The actions to be performed once the condition holds.

3. The actions to be performed once the conditions is false. (Only for IF-THEN-ELSE)

The only difference between them is that,

when the condition does not holds, the IF-THEN-ELSE tells the computer to do some task.
This is called a conditional flow

Usually, we denote it by “if condition then action list”.

or “if condition then action list else action list”.

In general, the grammar structure for a conditional flow is

<IF-THEN>::=if <Condition> then <Actions-for-true>

<|F-THEN-ELSE>::=if <Condition> then <Actions-for-true> else <Actions-for-false>
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Example - Condition flow

Lecture 03 You are given a positive integer x, we want to find the next even number.
HcinEme Eallic o ANiag How can we tell the computer to find the next even number?
Ll eitioln Eretmels The following is an algorithm.

Variation of induction

Data: x is a positive integer.

Control flows and algorithm

Result: The even number just after x.

@ Summation in computer
e Pseudo-code if  is odd then

e — | return x + 1

g else

|  return x + 2

end

How can we check if x is odd?

Data: x is a positive integer.
Result: The even number just after x.

if £ mod 2 # 0 then
| return x + 1

else
|  return x + 2

end
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Lecture 03

Looping - Iterative

Mathematical reasoning

Induction example
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@ Summation in computer

® Pseudo-code

C’s Syntax

End

In the summation notation, we start from 2 = n and then count one by one until 2 = m.

A similar control flow called the FOR-LOOP also exists in computer.

It consists of three parts,
1. The starting/initial value n
2. The ending value m
3. Actions to be performed.

It is usually called a for-loop or an iterative loop .

The grammar is <FOR-LOOP>::=for <name> <— <value> to <value> do <Actions>.

Therefore, the summation notation i% i2 can be simulated as,
i=1
t<+0;
for 2 <~ 1to 10 do
|t t 442
end
return ¢
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@ Summation in computer

® Pseudo-code

C’s Syntax

End

Usually, we would like to repeat a task whenever the condition holds.

For example, in checking password,

the computer keeps asking for a password until a correct one is entered.

A similar control flow called the WHILE-LOOP also exists in computer.

It consists of two parts,
1. The condition n
2. Actions to be performed.

It is usually called a while-loop or a conditional loop
The grammar is <WHILE-LOOP>::=while <condition> do <Actions>.

Therefore, a password checking algorithm is as follow,

Input : Password

while Password is wrong do
Output : You enter a wrong password.

Input : Password.
end

Output : Login successfully.
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e truth value in computer
® Bitwise operation

® XOR

End

C’s Syntax
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End

Previous lecture, we know that a computer can recognize value.

A computer integer is of the form [SIGN]?[0-9]+.

A computer real number is given similarly.

These two are called numerical values

Another type of values the computer can recognize is “English”.

It can be divided into two types.

A “letter” or a “vocabulary”.

The computer-letter is called a character .

The computer-vocabulary is called a string .

Unlike English, we do not impose restriction on whatever we called a string.
There is no spell checking.

A character in C’s syntax is enclosed by two single quotation mark.

For example,’a’ ,’b’, "’

A string is enclosed by two double quotation mark.

For example, "abc" , "hot".

As similar to the regular expression, whenever a character has special meaning, use a \.
Therefore, to denote a character single quote, we should use *\".

And similar, a string with a double quote, we should use "asd\"".
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End

A computer also knows logic and propositions.

Given a proposition,

it create new propositions through the three logical operators (NOT, AND, OR).
In C’s syntax, the three are expressed as follow:

I' The logical NOT operator.
&& The logical AND operator.
|| The logical OR operator.

Since “P — ()" is equivalentto “~ P or Q.
Using the above three operators, it is enough to construct the IF-THEN and IFF propositions.
The remaining is to express comparisons in C’s syntax.

Forexample, n > 2, n > 2, n = 2,

Remark. Be careful, it is necessary to write two symbols for the logical AND , OR operators.
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® Comparison expression
e truth value in computer
® Bitwise operation

® XOR

End

A computer can do comparison about numbers only.

It knows the following mathematical relations:
> Greater than.
>= Greater than or equal to.
< Less than.
<= Less than or equal to.
! = Not equal to.
== Equal to.

For example, the statement “n is greater than 4 and less than 10” can be expressed as
n >= 4&&n < 10.

Remark. Be careful, it is necessary to write two symbols for the “Equal to” comparison.
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As mentioned, computer can only represent two essentially different types.

1. Numbers: Computer-integers and Computer-real-numbers.

2. Text: Strings®.

Therefore, there is no any other types in the computers.
The truth value, false and true, are represented using either one of the above type.

Indeed, the computer use numbers to represent truth value.

It chooses 0 to represent false and any other non-zero numbers are true, usually 1.

‘Ina computer, a character is actually represented as an integer
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We mentioned that a logical AND , OR are represented using && and ||.

What happens if we use a single & and | instead?

What is the meaning of 3*5 in C language?

The above three operators are called bitwise operators

The bitwise one acts like the logical one, except it operates on every binary digits.

For example, 10 bitwise-or 6 is performed as follow:
1. The binary representation of 10 is 1010 ;)
2. The binary representation of 6 is 0110 ;)
3. Do the Logical OR operation on digit by digit.
4. Therefore, the resultis 1110;;) = 14

Similarly for the bitwise-and operation.
Hence, in C's syntax, the result of 10&&6 is 0010;;) = 2.

Remark. There is bitwise NOT operation.

However, due to its complexity, we will postpone its discussion.
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® Comparison expression
e truth value in computer
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The ~ symbol is called the exclusive or, usually denote by (XOR),
which means “only one of them is true, but not both”.
The truth table for XOR is

P Q P XOR @
true true false
true false true
false true true
false | false false

In other words, it is more or less the same as “logically not equal to”.

The computation of the result is similar to the other two bitwise operations.

Therefore, the expression 325 in C's syntax is computed as follow:
1. The binary representation of 3 is 011 ;)
2. The binary representation of 5 is 101 ;;)
3. Do the XOR operation on digit by digit.

4. Therefore, the resultis 110;;) = 6

39/40



Lecture 03

Mathematical reasoning

Induction example

Variation of induction

Control flows and algorithm

C’s Syntax

End

End

40/ 40



	Lecture 03  Mathematical reasoning. Control flows and algorithms.  More on C.
	Mathematical reasoning
	Verification of propositions
	Ambiguity of conditional proposition
	Direct Proof - Proof from definition : n0=0
	Direct Proof - Proof from definition : (-1)(-1)=1
	Proof by example / counterexample
	Verifying everything
	Proof by induction
	Well ordering principle
	Idea of induction
	Proof of induction

	Induction example
	Sum of power one
	Sum of power two
	Summation notation
	Properties of summation
	Properties of summation
	Properties of summation
	The direct proof for power sum of two
	Sum of geometric sequence

	Variation of induction
	Second induction
	Backward induction proof of the AGM-inequality

	Control flows and algorithm
	Summation in computer
	Pseudo-code - Assignment
	IF-THEN / IF-THEN-ELSE
	Example - Condition flow
	Looping - Iterative
	Looping - Conditional

	C's Syntax
	Character and String
	Boolean expression
	Comparison expression
	Representation of truth value in computer
	Bitwise operation
	Exclusive OR

	End

