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Chapter 1               Logarithms 
 

How to solve the following equations? 

10 1000x = . Obviously, 31000 10= , 3x∴ =  

How about this? 

4 8x = . By observation, 2 34 2 2x x= = , 1.5x∴ =  

But this is not as easy as the previous problem. 

How about10 30x =  ? 

What is the value of 1.410 ?  1.510 ? 1.4510 ? 1.47510 ? 1.47710 ? 

Is it getting closer and closer to 30? 

With this observation, we believe that there is some real number x  such that10 30x = . 

Such number x  is denoted by log x . 

In fact, the number x  must exist and must be unique. 

 

Definition of common logarithm: 

A positive real number y  is equal to log x  if and only if 10 yx = . 

This is called the logarithm with base 10 or common logarithm.  

 

You may check log30  with your calculator to see if the answer is closed to 1.477 

 

Therefore, we have to following formulas. 

(1)  log( ) log logab a b= +  

(2)  log log log
a

a b
b

  = − 
 

 

(3)  log1 0=  

(4)  log10 1=  

(5)  log log( )aa b b=  

 

Why are the above formulas true?? 

To show (1), we notice that logx a= , logy b=  means 10xa = , 10yb = . 

Also, log( )z ab=  means 10zab =  , from above, we also have ( )( )10 10 10x y x yab += = . 

.   So, log( ) log logz x y ab a b∴ = + = + . 

To show (2), replace a  with 
a

b
 in (1). 

(3) and (4) are left as self-practice. 

* (5) is too difficult to show unless you have knowledge of pure math in F6. * 

 

Logarithm of base other than 10: 

A positive real number y  is equal to loga x  if and only if 
yx a=  for 0a > and 1a ≠ . 

Does (1) to (5) still hold when using other bases? 
 

All holds but (4), in fact, we always have log 1a a = .
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Important formula between logarithm and power: 

In the last chapter, there are 2 questions. 
We have already answered the first one. 

For the second one, we can use the formula to calculate yx . 

 
log10y y xx =  

 

 

Change of bases: 

Mathematically, we can write down 13log 10  easily.  

But, in our calculator, we usually only have the log x  function only. 

So, how can we find the decimal value of 13log 10 ? 

 

We can find the value by this formula 
log

log
log

c
a

c

b
b

a
=  . 

 

Examples: 

log100 log(10 10) log10 log10 1 1 2= ⋅ = + = + =  

1
log0.1 log log1 log10 0 1 1

10
= = − = − = −  

5

2 2 2log 32 log 2 5log 2 5= = =  

13

log10 1
log 10

log13 log13
= =  

100

log 2 log 2 3log 2
log 2 log 2 log 2 log 2

log100 2 2
+ = + = + =  

 

Application of common logarithm: 

The number of digits of any positive integer can be known with the help of log . 

Observation: 

log100 2=  , log1000 3= , log500 2.7≈  

So, it seems like that all number 100 1000x≤ <  will have 2 log 3x≤ < . 

The lower bound 2 is exactly less than the number of digit of x  by one. 

No. of digits = log 1x +   . 
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Chapter 1               Exercises 
(You are not allowed to use calculator) 

 

Find the value of the following: 

1) 3

3

log 81

log 3
   2) 31

2log 2  

 

3) log1234510    4) log20 log57 7×  

 

 

5)  
5

log
Simplify ,where 0 and 1

2log log

x
x x

x x
> ≠

+
 

 

6)  If  log 2a =  , log5b = , simplify the following in terms of ,a b . 

(a) log 20   (b)
1

log
8
  (c) log 0.2  

(d) log 0.4   (e)
1

log
20

   

 

7) Show that log log( )aa b b=  is true when a  is a positive integer. 

 

8) Solve the equation log log( 7) 10x x+ − = −  

 

 

     End of Chapter 

 


